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Abstract
In this paper, on the bases of joint trees for a graph introduced by Liu, a surface generating method is
developed to determine embedding genus distribution of a graph.
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1. Introduction
Surfaces considered in this paper are closed 2-dimensional manifolds without boundary.
A graph considered is connected and its embeddings are orientable. Thus, an embedding of a
graph G is determined by a rotation system σ , and is denoted by Gσ .
Furst et al., Gross et al. and Tesar have computed the orientable embedding genus distribution
of closed-end ladders and cobblestone paths [3], bouquets of circles [4] and Ringel ladders [6],
respectively. Chen et al. and Kwak et al. have provided the total embedding genus distribution
of necklaces, closed-end ladders, cobblestone paths [5] and bouquets of circles [7]. Jackson has
done genus distribution for general maps via group theoretical methods [8]. However, it looks
no simpler way to deal with genus distribution of embeddings for the types of graphs in this
paper.
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tributions of a graph by genus. In this paper, we develop a surface generating method, which
extracts the embedding surfaces of a graph by using the joint trees of the graph and determine
the embedding genus distribution by using the generating relations among embedding surfaces
of graphs. New types of cubic graphs (in homeomorphism) Fn, Un and Jn with their extensions
(two of them, nonplanar) are introduced for determining their embedding distribution according
to the genus. Here Jn is the first class of graphs to be studied for embedding genus distribu-
tion where the minimum genus depends on n. As a special consequence, the known result of
closed-end ladders are simply deduced. Moreover, two types of graphs Un and Wn not topolog-
ically equivalent are shown to have the same embedding genus distribution for n  3. Further,
a type of graphs Vn not cubic (in homeomorphism) is also provided for the embedding genus
distribution.
We recall some terminology and notation from [1] and [2]. A linear sequence is a sequence
of letters with an order ≺. If a linear sequence X = a1a2a3 · · ·an, then it implies a1 ≺ a2 ≺ a3 ≺
· · · ≺ an. Since a surface can be thought of as directions gluing the edges of a polygon together to
form the underlying orientable surface, throughout this paper an orientable surface S is regarded
as an orientable cycle such that both a and a− occur once on S for each a ∈ S. Given a spanning
tree T of a graph G, the associated joint tree, denoted T˜ is obtained by splitting each non-tree
edge a into two semi-edges a and a−. Given a rotation system σ for the graph G, denote the
associated embedding and joint tree of G by Gσ and T˜σ , respectively. Let PσT˜ be the orientable
cycle induced by all semi-edges of T˜σ ; if one contracts the edges of T to a single vertex v, then G
contracts to a bouquet of circles and Pσ
T˜
gives the rotation for that bouquet. We will refer to Pσ
T˜
as the embedding surface of T˜σ as well as Gσ . Let (Σ, T˜ ) = {T˜σ | σ ∈ Σ} where Σ is the set of
all rotations systems for G.
Theorem 1.1. (See [2].) For any σ1 = σ2, the embeddings Gσ1 and Gσ2 , as well as T˜σ1 and T˜σ2
are not homeomorphic.
Theorem 1.2. (See [2].) Let T1, T2 be two spanning trees of G. There is a bijection between
(Σ, T˜1) and (Σ, T˜2) such that the embeddings of G for each pair are homeomorphic.
Based on Theorems 1.1 and 1.2, the topological problem for enumerating non-homeomorphic
embeddings of a graph is transformed into a combinatorial problem for counting distinct joint
trees of the graph.
Let S be the set of all surfaces. In order to determine the surface an embedding is on, an
equivalence [1, Chapter 1], denoted by ∼, between two polygons is introduced by the following
operations:
1. A ∼ Aaa− where A ∈ S and a /∈ A.
2. AabBb−a− ∼ AcBc− ∼ Ac−Bc where AB ∈ S and a, b, c /∈ AB for linear sequences A
and B .
3. (Aa)(a−B) ∼ AB where AB ∈ S and AB = ∅.
4. AaBbCa−Db−E ∼ ADCBEaba−b− for ABCDE ∈ S and a, b /∈ ABCDE.
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Theorem 1.3. (See [2].) Let T be a spanning tree of a graph G. For two joint trees T˜σ1 and T˜σ2
of G determined by Gσ1 and Gσ2 , the two embeddings of G are on the same surface if and only
if Pσ1
T˜
∼Pσ2
T˜
.
Because canonical forms of surfaces [1, (1.5.2)] are
Oi =
⎧⎪⎪⎨
⎪⎪⎩
aa−, if i = 0;
i∏
k=1
akbka
−
k b
−
k , if i  1
which are, respectively, the sphere and the orientable surface of genus i (i  1), any Pσ
T˜
can
be soon found to be equivalent to one and only one of Oi (i  0). Let o(S) be the genus of
a surface S.
Theorem 1.4. (See [2].) Let A,S ∈ S . If S ∼ Aa1b1a−1 b−1 (of course, a1, b1, a−1 , b−1 /∈ A), then
o(S) = o(A)+ 1.
In order to compute the genus of a surface S, it is enough to reduce it by operations 1–4. If
S ∼ Baba−b− (of course, a, b, a−, b− /∈ B), it is enough to compute o(B) where B is regarded
as the surface determined by B .
For example, let F be the graph shown in Fig. 1(a) where each vertex has a clockwise rota-
tion. It has four joint trees (shown in Fig. 1(b)–(e)) whose embedding surfaces are, respectively,
abb−a−, aba−b−, bab−a− and baa−b−.
Let gi(G) denote the number of distinct orientable embeddings of G with genus i. The ori-
entable embedding polynomial of a graph G is as follows:
fG(x) =
∞∑
i=0
gi(G)x
i .
2. Embedding distribution of graphs in the first type
Let F0 be the graph shown in Fig. 2(a). By adding n parallel edges al (1 l  n) whose ends
are on e, we obtain the graph Fn as shown in Fig. 2(b) for n = 2.
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Fig. 2. F0 and F2.
Fig. 3. T˜0.
Joint trees of F0 are obtained by splitting non-tree edges a0, α, β and γ . A joint tree is given
as shown in Fig. 3. F0 has 26 = 64 distinct joint trees. The surfaces with genera in brackets on
which these joint trees are as shown in the following table:
a0αβγα−β−γ−a−0 (1) αa0βγα−β−γ−a
−
0 (2) α
−a0αβγβ−γ−a−0 (2)
α−αa0βγβ−γ−a−0 (1) βa0αγα−β−γ−a
−
0 (2) β
−a0αβγα−γ−a−0 (2)
β−βa0αγα−γ−a−0 (1) γ a0αβα−β−γ−a
−
0 (2) γ
−a0αβγα−β−a−0 (2)
γ−γ a0αβα−β−a−0 (1) βαa0γ α−β−γ−a
−
0 (1) β
−αa0βγα−γ−a−0 (2)
β−βαa0γ α−γ−a−0 (1) γ αa0βα−β−γ−a
−
0 (2) γ
−αa0βγα−β−a−0 (1)
γ−γ αa0βα−β−a−0 (1) α−βa0αγβ−γ−a
−
0 (2) β
−α−a0αβγ γ−a−0 (1)
β−α−βa0αγ γ−a−0 (1) α−γ a0αββ−γ−a
−
0 (1) γ
−α−a0αβγβ−a−0 (2)
γ−α−γ a0αββ−a−0 (1) α−βαa0γβ−γ−a
−
0 (1) β
−α−αa0βγ γ−a−0 (1)
β−α−βαa0γ γ−a−0 (1) α−γ αa0ββ−γ−a
−
0 (1) γ
−α−αa0βγβ−a−0 (1)
γ−α−γ αa0ββ−a−0 (1) γβa0αα−β−γ−a
−
0 (1) γ
−βa0αγα−β−a−0 (2)
γ−γβa0αα−β−a−0 (1) β−γ a0αβα−γ−a
−
0 (2) γ
−β−a0αβγα−a−0 (1)
γ−β−γ a0αβα−a−0 (1) β−γβa0αα−γ−a
−
0 (1) γ
−β−βa0αγα−a−0 (1)
γ−β−γβa0αα−a−0 (1) γβαa0α−β−γ−a
−
0 (1) γ
−βαa0γ α−β−a−0 (1)
γ−γβαa0α−β−a−0 (1) β−γ αa0βα−γ−a
−
0 (1) γ
−β−αa0βγα−a−0 (1)
γ−β−γ αa0βα−a−0 (2) β−γβαa0α−γ−a
−
0 (2) γ
−β−βαa0γ α−a−0 (1)
γ−β−γβαa0α−a−0 (2) α−γβa0αβ−γ−a
−
0 (1) γ
−α−βa0αγβ−a−0 (1)
γ−α−γβa0αβ−a−0 (2) β−α−γ a0αβγ−a
−
0 (1) γ
−β−α−a0αβγ a−0 (1)
γ−β−α−γ a0αβa−0 (1) β−α−γβa0αγ−a
−
0 (1) γ
−β−α−βa0αγ a−0 (2)
γ−β−α−γβa0αa−0 (2) α−γβαa0β−γ−a
−
0 (1) γ
−α−βαa0γβ−a−0 (2)
γ−α−γβαa0β−a−0 (2) β−α−γ αa0βγ−a
−
0 (2) γ
−β−α−αa0βγ a−0 (1)
γ−β−α−γ αa0βa−0 (2) β−α−γβαa0γ−a
−
0 (2) γ
−β−α−βαa0γ a−0 (2)
γ−β−α−γβαa0a−0 (1)
Then, we see that g1(F0) = 40 and g2(F0) = 24.
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Consider F1. Let a0, a1, α,β and γ be non-tree edges. So each joint tree of F0 generates four
distinct joint trees of F1. Accordingly, each embedding surface of F0 generates four embedding
surfaces of F1. For example, a0αβγα−β−γ−a−0 generates the embedding surfaces according to
its four distinct rotation pairs of the two ends of a1 as follows:
a0αβγ a1a
−
1 α
−β−γ−a−0 a1a0αβγ a
−
1 α
−β−γ−a−0 a
−
1 a0αβγ a1α
−β−γ−a−0
a−1 a1a0αβγα
−β−γ−a−0 .
Their joint trees are shown in Fig. 4 where each vertex has a clockwise rotation.
Since F0 has 64 embeddings altogether, F1 has 4 × 64 = 256 embeddings. Moreover, each
embedding surface of genus 2 generates 4 embedding surfaces of F1 whose embeddings are of
genus 2. Since F0 has 24 embeddings of genus 2, they generates 4 × 24 = 96 embeddings of
F1 with genus 2. Each of eight embedding surfaces of genus 1 generates 4 embedding surfaces
of F1 with genus 1 and each of others generates 2 embeddings surfaces of F1 with genus 2
and 2 embedding surfaces of F1 with genus 1. From the 40 embeddings of genus 1, we get
4 × 8 + 2 × (40 − 8) = 96 embeddings of genus 1 and 2 × (40 − 8) = 64 embeddings of genus
2 for F1. So F1 has 96 of genus 1 and 96 + 64 = 160 of genus 2 altogether.
For a graph sequence {An}, let Y and X be, respectively, an embedding surface of An−1
and An. If X is generated by Y , then Y is called the mother of X.
Lemma 2.1. Let X be an embedding surface of Fn−1 with o(X) = i. Let Y be its mother. Then
(1) when o(Y ) = i − 1, for n 2, a joint tree of X generates four distinct joint trees of Fn with
genus i;
(2) when o(Y ) = i, for n 2, a joint tree of X generates two distinct joint trees of Fn with genus
i and two distinct joint trees of Fn with genus i + 1.
Proof. According to the generating rule, a joint tree of X generates four distinct joint trees
of Fn whose embedding surfaces are X1ana−n X2, a−n anX, anX1a−n X2 and a−n X1anX2, where
X = X1X2. By operation (1), X1ana−n X2 ∼ X and a−n anX ∼ X. Then o(X1ana−n X2) =
o(a−n anX) = i. Since anX1a−n X2 ∼ a−n X1anX2, it is sufficient to calculate o(anX1a−n X2).
(1) If o(Y ) = i − 1 and o(X) = i, then
anX1a
−
n X2 ∼ anan−1Y1a−n a−n−1Y2 ∼ Y1Y2anan−1a−n a−n−1
where Y1Y2 = Y. Thus o(anX1a−n X2) = i.
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anY1an−1a−n a−n−1Y2, where Y1Y2 = Y . The lemma holds since o(anan−1Y1a−n a−n−1Y2) = i + 1
and o(anY1an−1a−n a−n−1Y2) = i + 1. 
Theorem 2.2. Let g1(F0) = 40, g2(F0) = 24, g1(F1) = 96 and g2(F1) = 160, then
gi(Fn) =
{
2gi(Fn−1)+ 8gi−1(Fn−2), if n 2 and 1 i 
[
n
2
]+ 2;
0, otherwise.
(1)
Proof. Let gi,I(Fn) be the number of distinct embeddings of Fn with genus i whose joint trees
generate two distinct joint trees of Fn+1 with genus i, gi,II(Fn) the number of distinct embeddings
of Fn with genus i whose joint trees generate four distinct joint trees of Fn+1 with genus i. Based
on Lemma 2.1, for n 2,⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
gi,I(Fn) = 2gi,I(Fn−1)+ 4gi,II(Fn−1), if 1 i 
[
n− 1
2
]
+ 2;
gi,II(Fn) = 2gi−1,I(Fn−1), if 2 i 
[
n
2
]
+ 2;
gi,I(Fn) = gi,II(Fn) = 0, otherwise.
Therefore,
gi(Fn) = gi,I(Fn)+ gi,II(Fn)
= 2gi,I(Fn−1)+ 4gi,II(Fn−1)+ 2gi−1,I(Fn−1)
= 2gi(Fn−1)+ 2gi,II(Fn−1)+ 2gi−1,I(Fn−1)
= 2gi(Fn−1)+ 8gi−1,I(Fn−2)+ 8gi−1,II(Fn−2)
= 2gi(Fn−1)+ 8gi−1(Fn−2).
Then (1) is found. 
Theorem 2.3. Let An,i = (n+3−2i)(2n+3−3i)(i−1)(n+1−i) , Bn,i = 2n+5−3ii−1 , Cn,i = 2n+6−3in+4−2i and L =
2n+1+i
∏i−4
k=0(n−i−k)
(i−2)! . Then for n 2,
gi(Fn) =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
3 · 2n+4, if i = 1;
(n+ 1 − i)(2An,i + 4Bn,i + 3Cn,i)L, if 2 i 
[
n
2
];
(n+ 1 − i)(4Bn,i + 3Cn,i)L, if
[
n
2
]
< i 
[
n+1
2
]+ 1;
3(n+ 1 − i)Cn,iL, if
[
n+1
2
]+ 1 < i  [n2 ]+ 2.
Proof. This conclusion will be verified by induction on n. When i = 1, g1(F2) = 3 · 26 = 192.
Since g1(F2) = 2g1(F1) = 192 by (1), the theorem holds for n = 2.
Suppose the theorem holds for 2 < k < n. By using (1) and the induction hypotheses the
following expressions are obtained:
g1(Fn) = 2g1(Fn−1) = 2 · 3 · 2n+3 = 3 · 2n+4,
g2(Fn) = 2g2(Fn−1)+ 8g1(Fn−2)
= 2n+4(3n− 4)+ 8 · 3 · 2n+3
= 2n+5(3n− 1).
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gi(Fn) = 2gi(Fn−1)+ 8gi−1(Fn−2)
= 2n+1+i
(
n− i
i − 2
)
(2An−1,i + 4Bn−1,i + 3Cn−1,i )
+ 2n+1+i
(
n− i
i − 3
)
(2An−2,i−1 + 4Bn−2,i−1 + 3Cn−2,i−1)
= (n+ 3 − 2i)(2An−1,i + 4Bn−1,i + 3Cn−1,i )L
+ (i − 2)(2An−2,i−1 + 4Bn−2,i−1 + 3Cn−2,i−1)L
= (2(n+ 3 − 2i)An−1,i + 4(n+ 3 − 2i)Bn−1,i + 3(2n+ 4 − 3i)
+ 2(i − 2)An−2,i−1 + 4(2n+ 4 − 3i)+ 3(i − 2)Cn−2,i−1
)
L
= (n+ 1 − i)(2An,i + 4Bn,i + 3Cn,i)L.
For [n2 ] < i  [n+12 ] + 1,
gi(Fn) = 2gi(Fn−1)+ 8gi−1(Fn−2)
= 2n+1+i
(
n− i
i − 2
)
(4Bn−1,i + 3Cn−1,i )
+ 2n+1+i
(
n− i
i − 3
)
(4Bn−2,i−1 + 3Cn−2,i−1)
= (n+ 3 − 2i)(4Bn−1,i + 3Cn−1,i )L
+ (i − 2)(4Bn−2,i−1 + 3Cn−2,i−1)L
= (n+ 1 − i)(4Bn,i + 3Cn,i)L.
For [n+12 ] + 1 < i  [n2 ] + 2,
gi(Fn) = 2gi(Fn−1)+ 8gi−1(Fn−2)
= 2n+1+i
(
n− i
i − 2
)
3Cn−1,i + 2n+1+i
(
n− i
i − 3
)
3Cn−2,i−1
= 3(n+ 3 − 2i)Cn−1,iL+ 3(i − 2)Cn−2,i−1L
= 3(n+ 1 − i)Cn,iL. 
For example, the orientable embedding polynomials of Fn are as follows for n = 0,1, . . . ,5:
fF0(x) = 23
(
5x + 3x2);
fF1(x) = 25
(
3x + 5x2);
fF2(x) = 26
(
3x + 10x2 + 3x3);
fF3(x) = 27
(
3x + 16x2 + 13x3);
fF4(x) = 28
(
3x + 22x2 + 33x3 + 6x4);
fF5(x) = 29
(
3x + 28x2 + 65x3 + 32x4).
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Given an arbitrary graph G0 and edge e of G0, we form Gn by adding n parallel edges al
(1  l  n) such that their ends are on e. Let T0 be a spanning tree of G0 such that e is a tree
edge and let T1 be a spanning tree of G1 such that a1 and the non-tree edges of G0 are non-tree
edges. The embedding distribution of G0 and G1 can be computed by using their joint trees.
Let C be an embedding surface of Gn−1 for n  2. A joint tree of C generates four dis-
tinct joint trees of Gn with embedding surfaces as follows: C1ana−n C2, a−n anC, anC1a−n C2 and
a−n C1anC2 where C1C2 = C.
Lemma 3.1. Let o(C) = i, D the mother of C. Then
(1) when o(D) = i − 1, a joint tree of C generates four joint trees of Gn with genus i for n 2;
(2) when o(D) = i, a joint tree of C generates two joint trees of Gn with genus i and two joint
trees of Gn with genus i + 1 for n 2.
Proof. In a similar way as the proof in Lemma 2.1. 
Theorem 3.2. Let δ, ε0 and ε1 be, respectively, the minimum, maximum genus of G0 and the
maximum genus of G1. Then
(1) when ε0 = ε1, for n 2,
gi(Gn) =
{
2gi(Gn−1)+ 8gi−1(Gn−2), if δ  i 
[
n
2
]+ ε0;
0, otherwise.
(2) when ε0 = ε1, for n 2,
gi(Gn) =
{
2gi(Gn−1)+ 8gi−1(Gn−2), if δ  i 
[
n+1
2
]+ ε0;
0, otherwise.
Proof. Suppose that X is an embedding surface of G1 with genus ε1 and that Y is its mother
with genus ε0. Let εn be maximum genus of Gn for n 2. Then
εn = o
(
xnxn−1 · · ·x2x1Y1x−n x−n−1 · · ·x−2 x−1 Y2
)
where X = x1Y1x−1 Y2 and xk /∈ X for 2 k  n.
Obviously, if ε0 = ε1, then εn = [n2 ] + ε0; otherwise εn = [n+12 ] + ε0.
Let gi,I(Gn) be the number of distinct embeddings of Gn with genus i whose embeddings
generate two distinct embeddings of Gn+1 with genus i, gi,II(Gn) the number of distinct embed-
dings of Gn with genus i whose embeddings generate four distinct embeddings of Gn+1 with
genus i.
(1) Based on Lemma 3.1, for n 2,⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
gi,I(Gn) = 2gi,I(Gn−1)+ 4gi,II(Gn−1), if δ  i 
[
n− 1
2
]
+ ε0;
gi,II(Gn) = 2gi−1,I(Gn−1), if δ + 1 i 
[
n
2
]
+ ε0;
g (G ) = g (G ) = 0, otherwise.i,I n i,II n
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Fig. 5. L0 and L3.
Therefore, for n 2 and δ  i  [n2 ] + ε0,
gi(Gn) = 2gi(Gn−1)+ 8gi−1(Gn−2).
(2) In a similar way as the proof in (1). 
Let us see an example of closed-end ladders. Let L0 be the graph shown in Fig. 5(a). We form
the closed-end ladder Ln by adding 2n vertices u1, u2, . . . , un, vn, . . . , v1 in counterclockwise
order around e and n edges ulvl for 1 l  n. L3 is shown in Fig. 5(b).
Corollary 3.3. (See [3].) Let Dn,i = 2n+2−3in+1−i . Then
gi(Ln) =
{
2n−1+iDn,i
(
n+1−i
i
)
, if n 1 and 0 i  [n+12 ];
0, otherwise.
4. For graphs in the second type
Let U0 be the graph shown in Fig. 6(a). The graph Un is obtained by adding 4n vertices
u1, v1, u3, v3, . . . , u2n−1, v2n−1, u2n, v2n, . . . , u4, v4, u2, v2 in counterclockwise order around e
and edges u2l−1u2l , v2l−1v2l denoted by al, bl for a positive integer l (1 l  n). U3 are shown
in Fig. 6(b). Let a0, al, bl be non-tree edges of Un for 1  l  n. By sorting the embedding
surfaces of Un in a similar way as in Section 2, we have
(a) (b)
Fig. 6. U0 and U3.
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gi(Un) =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
2gi(Un−1), if i = 0;
2gi(Un−1)+ 8gi−1(Un−1)+ 48gi−1(Un−2)+ 12g(i−1)2(Un−1),
if 1 i  n− 1;
8gi−1(Un−1)+ 48gi−1(Un−2)+ 12g(i−1)2(Un−1), if i = n;
0, otherwise
where
gi2(Un) =
{
8g(i−1)2(Un−1)+ 32gi−1(Un−2), if 1 i  n;
0, otherwise.
Given an arbitrary graph I0 and edge e of I0, the graph In is obtained by adding 4n vertices
x1, y1, . . . , xn, yn, zn,wn, . . . , z1,w1 in counterclockwise order around e. Let xlzl and ylwl be
edges denoted, respectively, by al and bl for 1  l  n. Let T0 be a spanning tree of I0 with
the tree edge e and let al , bl , the non-tree edges of I0 be non-tree edges of In for 1  l  n.
A spanning tree of In is obtained.
Theorem 4.2. Suppose that δ and ε are, respectively, the minimum and the maximum genus of I0
and that gi2(I1) is given for i  0. For n 2,
gi(In) =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
2gi(In−1), if i = δ;
2gi(In−1)+ 8gi−1(In−1)+ 48gi−1(In−2)+ 12g(i−1)2(In−1),
if δ + 1 i  n+ ε − 1;
8gi−1(In−1)+ 48gi−1(In−2)+ 12g(i−1)2(In−1), if i = n+ ε;
0, otherwise,
where gi2(In) = 8g(i−1)2(In−1)+ 32gi−1(In−1) for δ + 1 i  n+ ε.
5. For graphs in the third type
Let J0 be the graph shown in Fig. 7(a). The graph Jn is obtained by adding 6n vertices
u1, v1,w1, . . . , un, vn,wn, xn, yn, zn, . . . , x1, y1, z1 in counterclockwise order around e and 3n
edges ulxl, vlyl,wlzl for 1  l  n. J3 is shown in Fig. 7(b). Let a0, al, bl and cl be non-tree
edges for Jn.
(a) (b)
Fig. 7. J0 and J3.
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];Theorem 5.1. Let g11(J1) = 6, g0(J0) = 1, g1(J1) = 40 and g2(J1) = 24. For n 2,
gi(Jn) =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
32(g(i−1)1(Jn−1)+ 2gi−1(Jn−2)+ 8gi−2(Jn−2)),
if [n+12 ] i < [n2 ]+ 1;
32(g(i−1)1(Jn−1)+ 2gi−1(Jn−2)+ 8gi−2(Jn−2)+ gi−1(Jn−1)),
if [n2 ]+ 1 i < [n+12 ]+ 1;
4(8gi−1(Jn−1)+ 16gi−1(Jn−2)+ 64gi−2(Jn−2)
+ g(i−1)1(Jn)+ 8g(i−1)1(Jn−1)),
if [n+12 ]+ 1 i  n+ [n+12 ]− 1;
4(8gi−1(Jn−1)+ g(i−1)1(Jn)), if n+
[
n+1
2
]− 1 < i  n+ [n2 ];
4g(i−1)1(Jn), if n+
[
n
2
]
< i  n+ [n+12 ];
0, otherwise
where
gi1(Jn) =
⎧⎨
⎩
24(g(i−1)1(Jn−1)+ 2gi−1(Jn−2)+ 8gi−2(Jn−2)),
if [n+12 ] i  n+ [n+12 ]− 1;
0, otherwise.
Given an arbitrary graph H0 and edge e of H0, the graph Hn is obtained by adding 6n vertices
u1, v1,w1, . . . , un, vn,wn, xn, yn, zn, . . . , x1, y1, z1 in counterclockwise order around e and 3n
edges ulxl, vlyl,wlzl for 1 l  n. Choose a spanning tree of H0 such that e is a tree edge. Let
ulxl, vlyl,wlzl and the non-tree edges of H0 be non-tree edges of Hn.
Theorem 5.2. Let δ0, ε0 and δ1 be, respectively, the minimum, maximum genus of H0 and the
minimum genus of H1. For n 2,
(1) When δ0 = δ1,
gi(Hn) =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
32(g(i−1)1(Hn−1)+ 2gi−1(Hn−2)+ 8gi−2(Hn−2)),
if δ0 +
[
n+1
2
]
 i < δ0 +
[
n
2
]+ 1;
32(g(i−1)1(Hn−1)+ 2gi−1(Hn−2)+ 8gi−2(Hn−2)+ gi−1(Hn−1)),
if δ0 +
[
n
2
]+ 1 i < δ0 + [n+12 ]+ 1;
4(8gi−1(Hn−1)+ 16gi−1(Hn−2)+ 64gi−2(Hn−2)
+ g(i−1)1(Hn)+ 8g(i−1)1(Hn−1)),
if δ0 +
[
n+1
2
]+ 1 i  ε0 + n+ [n+12 ]− 1;
4(8gi−1(Hn−1)+ g(i−1)1(Hn)), if ε0 + n+
[
n+1
2
]− 1 < i  ε0 + n+ [n2
4g(i−1)1(Hn), if ε0 + n+
[
n
2
]
< i  ε0 + n+
[
n+1
2
];
0, otherwise,
where gi1(H1) are given for i  0. For n 2,
gi1(Hn) =
⎧⎨
⎩
24(g(i−1)1(Hn−1)+ 2gi−1(Hn−2)+ 8gi−2(Hn−2)),
if δ0 +
[
n+1
2
]
 i  ε0 + n+
[
n+1
2
]− 1;
0, otherwise.
30 L. Wan, Y. Liu / Journal of Combinatorial Theory, Series B 98 (2008) 19–32(2) When δ0 = δ1,
gi(Hn) =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
32(g(i−1)1(Hn−1)+ 2gi−1(Hn−2)+ 8gi−2(Hn−2)),
if δ0 +
[
n
2
]
 i < δ0 +
[
n+1
2
];
32(g(i−1)1(Hn−1)+ 2gi−1(Hn−2)+ 8gi−2(Hn−2)+ gi−1(Hn−1)),
if δ0 +
[
n+1
2
]
 i < δ0 +
[
n
2
]+ 1;
4(8gi−1(Hn−1)+ 16gi−1(Hn−2)+ 64gi−2(Hn−2)
+ g(i−1)1(Hn)+ 8g(i−1)1(Hn−1)),
if δ0 +
[
n
2
]+ 1 i  ε0 + n+ [n2 ]− 1;
4(8gi−1(Hn−1)+ g(i−1)1(Hn)),
if ε0 + n+
[
n
2
]− 1 < i  ε0 + n+ [n+12 ]− 1;
4g(i−1)1(Hn), if ε0 + n+
[
n+1
2
]− 1 < i  ε0 + n+ [n2 ];
0, otherwise,
where gi1(H1) are given for i  0. For n 2,
gi1(Hn) =
⎧⎨
⎩
24(g(i−1)1(Hn−1)+ 2gi−1(Hn−2)+ 8gi−2(Hn−2)),
if δ0 +
[
n
2
]
 i  ε0 + n+
[
n
2
]− 1;
0, otherwise.
6. Embedding distribution polynomials Wn and Vn
Let W0 be the graph shown in Fig. 8(a). We form Wn by adding 3n vertices u1, v1, u2, v2, . . . ,
un, vn,wn,wn−1, . . . ,w2,w1 in counterclockwise order around e, n vertices rl (1 l  n) and
3n edges ulrl, vlrl and wlrl . W3 is shown in Fig. 8(b). Denote ulrl, vlrl by al, bl . Let a0, al and
bl be non-tree edges of Wn. We can find
Theorem 6.1. Let g0(W0) = 1, g0(W1) = 2, g1(W1) = 14 and g12(W1) = 4. Then for n 2,
gi(Wn) =
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
2gi(Wn−1), if i = 0;
2gi(Wn−1)+ 8gi−1(Wn−1)+ 48gi−1(Wn−2)+ 12g(i−1)2(Wn−1),
if 1 i  n− 1;
8gi−1(Wn−1)+ 48gi−1(Wn−2)+ 12g(i−1)2(Wn−1), if i = n;
0, otherwise.
(a) (b)
Fig. 8. W0 and W3.
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Fig. 9. V0 and V3.
where
gi2(Wn) =
{
8g(i−1)2(Wn−1)+ 32gi−1(Wn−2), if 1 i  n;
0, otherwise.
Un is not topologically equivalent to Wn since Un and Wn have distinct number of triangles for
n 3. However, Un and Wn have the same embedding distribution polynomials by Theorems 4.1
and 6.1.
We give one more type of graph not homeomorphic to a cubic graph.
Let V0 be the graph shown in Fig. 9(a). The graph Vn is obtained by adding 4n vertices
u1, v1,w1, u2, v2,w2, . . . , un, vn,wn, tn, tn−1, . . . , t2, t1 in counterclockwise order around e, n
vertices rl and edges rlul , rlvl , rlwl and rl tl , denoted by al, bl, cl and dl , respectively, for 1 
l  n. V3 is shown in Fig. 9(b). Let a0, al, bl and cl be non-tree edges of Vn.
Theorem 6.2. Let g0(V0) = 1, g0(V1) = 2, g1(V1) = 58, g2(V1) = 36 and g12(V1) = 2. Then for
n 2,
gi(Vn) =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
2gi(Vn−1), if i = 0;
2gi(Vn−1)+ 44gi−1(Vn−1)+ 7gi2(Vn)+ 18g(i−1)2(Vn),
if 1 i  n+ [n2 ]− 1;
44gi−1(Vn−1)+ 7gi2(Vn)+ 18g(i−1)2(Vn),
if n+ [n2 ]− 1 < i  n+ [n+12 ]− 1;
44gi−1(Vn−1)+ 18g(i−1)2(Vn), if n+
[
n+1
2
]− 1 < i  n+ [n2 ];
18g(i−1)2(Vn), if i = n+
[
n+1
2
];
0, otherwise
where
gi2(Vn) =
⎧⎨
⎩
32(gi−1(Vn−2)+ 3gi−2(Vn−2)+ g(i−1)2(Vn−1)),
if 1 i  n+ [n+12 ]− 1;
0, otherwise.
7. Further study
7.1. For any graph K0, add k copies Ml of a graph M satisfying the following conditions:
(1) these Ml have no common vertices for 1 l  k;
(2) V (Ml)∩ V (K0) are on e or not on any other edge of K0 for 1 l  k;
32 L. Wan, Y. Liu / Journal of Combinatorial Theory, Series B 98 (2008) 19–32(3) let V1(Ml) ∪ V2(Ml) be vertices of Ml on e. Then, vertex sets are V1(M1),V1(M2), . . . ,
V1(Mk),V2(Mk), . . . , V2(M1) in counterclockwise on e;
(4) there is an order such that G(E1(M1)) is isomorphic to G(E1(Mj )) and that G(E2(M1)) is
isomorphic to G(E2(Mj )) for 2  j  k, where G(Er(M1)) is the edge induced subgraph
incident of Vr for r = 1,2. Similarly, for k  2 the rule of their embedding surfaces can be
found. The genera of their embeddings can be calculated.
7.2. Compute the nonorientable embedding genus distribution of a graph.
The nonorientable embedding distribution of necklaces, closed-end ladders, cobblestone paths
[5] and bouquets of circles [7] can be obtained. We wish to compute the nonorientable embedding
genus distribution of other graphs in this technique.
7.3. [9] Study the unimodality of graphs.
7.4. Compute genus distribution for all graphs such as directed graphs.
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